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ABSTRACT: The dynamics in supercooled liquids slow enormously upon approaching
the glass transition, albeit without significant change of liquid structure. This empirical
observation has stimulated development of many theoretical models which attempt to
elucidate microscopic mechanisms in glasses and glass precursors. Here, quasi-two-
dimensional colloidal supercooled liquids and glasses are employed to experimentally test
predictions of widely used models: mode coupling theory (MCT) and its important
extension, inhomogeneous MCT (IMCT). We measure two-point dynamic correlation
functions in the glass forming liquids to determine structural relaxation times, τα, and
mode coupling exponents, a, b, and γ; these parameters are then used to extract the mode
coupling dynamic crossover packing area-fraction, ϕc. This information, along with our
measurements of supercooled liquid spatiotemporal dynamics, permits characterization of
dynamic heterogeneities in the samples and facilitates direct experimental tests of the
scaling predictions of IMCT. The time scales at which dynamic heterogeneities are largest,
and their spatial sizes, exhibit power law growth on approaching ϕc. Within experimental
error, the exponents of the measured power laws are close to the predictions of IMCT.

■ INTRODUCTION

Elucidation of the microscopic origin of dynamic arrest in
supercooled liquids and glass precursors remains a key
challenge in condensed matter physics and chemistry.1−11

Slow cooling of a liquid produces crystallization, but rapid
cooling can bypass crystallization. In the latter case, the liquid
enters into a supercooled regime, and, after further cooling
toward the glass transition temperature, Tg, the liquid evolves
to a glassy state with solid-like rigidity. Notably, the viscosity,
η, or equivalently the structural relaxation time, τα, varies by
many orders of magnitude in the vicinity of the transition,
although little change in static structure is observed.4,12 In
total, findings from experiments and simulations suggest that
relaxation processes in supercooled liquids and glasses are
cooperative, involving large numbers of constituent particles.8

These and other intriguing observations have led to the
development of many theoretical models. Among these are the
free volume theory,13,14 energy landscape models,15,16

configurational entropy theory,17,18 mode coupling theory
(MCT),19,20 kinetically constrained models,21 random first-
order transition (RFOT) theory,22−24 and dynamic facilitation
theory.25,26 Each of these models captures aspects of the glass

transition. However, a universally accepted complete theoreti-
cal description of the glass transition and glasses is still lacking.
Mode coupling theory (MCT) is one of the oldest mean

field theories; MCT is a hydrodynamic and coarse grained
description of the two-point dynamic correlation function that
explains the slowing of structural relaxation in supercooled
liquids and glasses.1,2,19,20,27−29 With the sample static
structure factor as its only input, MCT predicts the time-
dependent decay profile of the two-point dynamic self-
intermediate scattering correlation function, Fs(q⃗,t). Fs(q⃗,t)
decays exponentially for liquids at high temperature, and it
usually exhibits a two-step decay profile for supercooled liquids
and glasses. The first decay step is associated with trapping of
particles within their nearest-neighbor cages and is called β-
relaxation; the second decay step is associated with cage-
rearrangements and cage escape and is called α-relaxation.
MCT predicts that Fs(q, t) should decay as a power law with

exponents a and b during the early β- and the early α-relaxation
regimes, respectively.2,28−31 Interestingly, a and b are not
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independent, and MCT explicitly predicts their relationship.
Moreover, MCT uses these exponents (a and b) and the
structural relaxation time scale, τα (associated with α-
relaxation), to predict an ergodic to nonergodic transition
temperature, Tc.

2,28−31 Note, even though Tc is higher than the
ideal glass transition temperature Tg,

32 MCT successfully
identifies a dynamic crossover temperature which separates the
collision dominated regime from the regime dominated by
activated dynamics.4,33−36 MCT captures dynamics in the
collision dominated regime within the intermediate range of
supercooling. Most experimental studies, especially those
employing colloidal suspensions, probe dynamics for temper-
atures slightly less than Tc (or equivalently for colloids, for
packing fractions slightly more than mode coupling crossover
packing area-fraction, ϕc).
MCT is among the most accessible of theories, and its

predictions have been directly tested by many experi-
ments37−45 and simulations.46−49 Despite many successes,
however, basic MCT cannot explain the pathways for
structural relaxation found in supercooled liquids and glasses.
These cooperative relaxation events are called dynamic
heterogeneities and are typically characterized by the sample
four-point susceptibility, χ4(t).

1,50−55 To address this limi-
tation, Biroli et al. extended MCT to spatially inhomogeneous
systems, for example, to systems with small, localized
perturbations. The more sophisticated formalism is called
inhomogeneous mode coupling theory (IMCT).56

In IMCT, the response of the dynamic structure factor to
localized small perturbations is computed and expressed as a
three-point susceptibility, χ3(t), which is closely connected to
χ4(t) and which exhibits similar time-dependent behavior.56

Briefly, the magnitude of χ4(t) provides a measure of the
average size of the cooperatively rearranging regions. χ4(t)
varies with lag time, t, and its maxima occurs in the α-
relaxation regime at t = τ4; the dynamics are most
heterogeneous at this time. Theory predicts that χ4(t) should
grow as a power law in the early α-relaxation regime, i.e., χ4(t)
∝ tμ, and that its peak amplitude, χ4(τ4), should also follow a
power law with τ4, χ4(τ4) ∝ τ4

λ.57 Importantly, these power law
exponents, μ and λ, can be used to test competing theories of
the glass transition. To date, numerical studies of binary
systems have investigated the predictions of χ4(t) and were
found to be in agreement with IMCT.46,57 However, to our
knowledge, these predictions have never been explored in
experiments.
While most work on these questions has focused on scaling

behaviors of the four-point susceptibility (χ4(t)), dynamic
heterogeneities (cooperative rearrangements) in supercooled
liquids and glasses can be quantified by other methods and
physical quantities. Notable among these is the mean cluster
size of fast-particles, ⟨Nc(t)⟩.

8,38,58 Like χ4(t), ⟨Nc(t)⟩ also has
its largest magnitude in the α-relaxation regime, i.e., at a time t
= τc. Although the magnitude of τ4 and τc may vary slightly, and
the precise meaning of χ4(t) and ⟨Nc(t)⟩ may also be slightly
different, if dynamic heterogeneities (cooperative rearrange-
ments) are truly a hallmark feature of supercooled liquids and
glasses, then one might anticipate that the power law scaling of
these two parameters should be similar, and this connection
should be explored.
Thus, the goals of the present investigation of quasi-two-

dimensional colloidal supercooled liquids are multifold. First,
we experimentally quantify the dynamics of the sample via the
self-intermediate scattering functions, Fs(q⃗,t), and we extract

the MCT exponents a, b, and γ, as well as the structural
relaxation time, τα; this information enables estimation of the
mode coupling dynamic crossover packing area-fraction, ϕc.
Second, we quantify dynamic heterogeneities using both the
four-point dynamic susceptibility, χ4(t), and the mean cluster
size of fast moving particles, ⟨Nc(t)⟩. Finally, the power law
scaling of both χ4(t) and ⟨Nc(t)⟩ are measured, and the
exponents are extracted and compared to theory. Notably, the
experimental results are found to be largely consistent with the
predictions of IMCT.

■ EXPERIMENTAL SECTION
The samples are binary colloidal mixtures of polystyrene
spheres in water with diameters σs = 1.0 μm and σl = 1.3 μm
(Figure 1a). The polydispersity for large and small particles are

5% and 3%, respectively. Use of the binary mixture prevents
crystallization, which can be confirmed from the absence of
long-range order in the sample pair correlation function g(r)
(Figure 1b). The ratio of peak intensities at distances
corresponding to small−small and large−large particle
separation in g(r), i.e. the first and third peak of g(r),
respectively, also shows that the number ratio of small/large
particles is approximately unity.
The binary-sphere colloidal suspensions were loaded into a

wedged-shaped cell which was left standing to permit particles
to sediment into a quasi-two-dimensional (2D) region of the
cell (inset to Figure 1a). When a desired area fraction, ϕ, was
obtained, the cell was left horizontal on the microscope stage
with a typical wait-time of 3−5 h for sample aging/
equilibration. Data acquisition followed the sample aging/
equilibration. For each ϕ, the particle trajectories were

Figure 1. (a) Typical field-of-view shown for a colloidal supercooled
liquid sample with ϕ = 0.79. The scale bar is 10 μm. The inset shows
a schematic of the experimental setup; our field-of-view is in the
portion of the cell with a layer that is one-particle thick. (b) Static pair
correlation function for the sample, g(r), versus particle separation, r,
scaled by small particle diameter, σs.
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measured by video microscopy using a 100× oil immersion
objective (NA = 1.4) at a frame rate of 4 fps. Depending on ϕ,
the experiment duration varied from 25 to 50 min. The center-
of-mass trajectories of all particles were tracked, and the data
were analyzed using standard MATLAB and Python codes.59
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■ RESULTS AND DISCUSSION
Determination of MCT Scaling Exponents: a, b, and γ.

First, we experimentally quantify sample dynamics as a
function of area fraction, ϕ, using the self-intermediate
s c a t t e r i n g f u n c t i o n F s ( q⃗ , t ) .
F q t q r t t r t( , ) exp( ( ) ( ))s N k

N
k k

1
0 0⃗ = ∑ ⃗· ⃗ + − ⃗ . Here, rk⃗ is the

position of the kth particle, ⟨ ⟩ denotes average over all particles
for all initial times t0 and a particular lag time t. q⃗ is the spatial
wavevector. Typically, q⃗ is chosen such that q = 2π/σ, where σ
corresponds to a peak position in the radial pair-correlation
function, g(r).
Figure 2(a) shows Fs(q,t) at different ϕ for q = 2π/σs, where

σs corresponds to position of the first peak in g(r). The
dynamics are diffusive at low area fractions, ϕ < 0.66; these
diffusive dynamics are reflected by the exponential decay of
Fs(q,t). For ϕ > 0.66, the caging of particles at intermediate lag

times becomes evident as a plateau in the self-intermediate
scattering function. At still longer lag times, the cages
rearrange, the particles diffuse out of their respective cages,
and Fs(q,t) decays to zero. By convention, the time at which
Fs(q,t) decays to 1/e is defined as the structural relaxation time,
τα (indicated by the dotted horizontal line in Figure 2a).
Mode coupling theory (MCT) predicts that τα diverges

upon approach of the mode coupling crossover packing area
fraction, ϕc. Specifically, MCT predicts τα ∝ (ϕc − ϕ)−γ. Here
γ is a system-dependent scaling exponent that depends on two
mode coupling exponents a and b, i.e.,

a b
1

2
1

2
γ = + . The MCT

power law exponents, a and b, help to capture the variation of
the self-intermediate scattering function in different time
regimes. Fitting to the so-called critical decay law, Fs(q,t) = fq +
hqt

−a, in the vicinity of the early β-relaxation time scale
provides information about a. Fitting to the von Schweidler
law, Fs(q,t) = fq − hqt

b, in the vicinity of the early α-relaxation
time scale provides information about b. Note, fq and hq are
constants that depend on the plateau height and the amplitude
of Fs(q,t), respectively.
Ideally, a and b can be determined by fitting power laws to

these early and later time regimes, respectively. For our data,
the plateau is most obvious at ϕ = 0.81 (Figure 2a). Therefore,
we use this ϕ = 0.81 to estimate the exponent b by fitting
power laws to decay of Fs(q,t) (Figure 2(b)). We employ three
different values of q, corresponding to the first three peaks of
g(r), and we fit the decay of the three corresponding Fs(q,t) to
determine b. From these, we find b = 0.61 ± 0.02 (Figure 2b).
We were unable to resolve the early time decay of Fs(q,t)

prior to the plateau well enough to permit direct fitting for a.
However, a can still be determined using yet another
remarkable prediction of MCT that connects the exponents

a and b using the gamma function: a
a

b
b

(1 )
(1 2 )

(1 )
(1 2 )

2 2

=Γ −
Γ −

Γ +
Γ + . This

relation gives the exponent a = 0.32 ± 0.01, and these values of
a and b yield the exponent γ = 2.43 ± 0.02.

Determination of the MCT Crossover Packing Area
Fraction: ϕc. Now that γ is determined, we can use
measurements of τα to derive the MCT crossover packing
area-fraction, ϕc. Figure 3 shows plots of τα

−1/γ versus ϕ for
three different values of q (corresponding to the first three
peaks of g(r)). For all three q values, and for ϕ ≥ 0.65, we see
that τα

−1/γ varies linearly with ϕ. According to MCT, the
intersection of these lines with the horizontal axis yields the

Figure 2. (a) Temporal evolution of self-intermediate scattering
function, Fs(q,t), for different packing area fractions, ϕ. q corresponds
to the first peak position in pair-correlation function, g(r). The dotted
horizontal line is drawn at Fs(q,t) = 1/e; its intersection with Fs(q,t) at
each ϕ yields the (long-time scale) structural relaxation time, τα, for
each ϕ. (b) Fs(q,t) versus lag time, t, for three different values of q,
corresponding to first three peaks of g(r), at ϕ = 0.81. The inset shows
fitting of von Schweidler law, Fs(q,t) = fq − hqt

b, (green lines) that
determines the von Schweidler exponent b = 0.61 ± 0.02.

Figure 3. τα
−1/γ versus ϕ for the three different values of q,

corresponding to the first three peaks of g(r). The solid lines are linear
fits to the data. The intersection of the fitted lines with the horizontal
axis (indicated by horizontal dotted lines) yields the mode coupling
crossover area-fraction, ϕc = 0.82 ± 0.01.
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mode coupling crossover packing area-fraction, ϕc = 0.82 ±
0.01. MCT is most accurate for intermediate supercooling;46,60

thus, the observed deviation from linearity of τα
−1/γ versus ϕ in

both the liquid phase (ϕ < 0.65) and in the deeply supercooled
phase (ϕ > 0.78) is expected. Note also, ϕc is in close
agreement with a previous colloid experiment in quasi-two-
dimensions.38

Quantification of Dynamic Heterogeneities. It is not
possible to distinguish a liquid from a supercooled liquid based
on structure (g(r)) alone. However, the dynamic self-
intermediate scattering function, Fs(q,t), can distinguish liquids
from supercooled liquids and glasses, and MCT predicts this
transition behavior (via the variation of Fs(q,t)) with only g(r)
as an input. Despite this success, traditional MCT is unable to
make statements about many known properties of supercooled
liquids and glasses. Chief among them is dynamic hetero-
geneity. Dynamic heterogeneities are spatial clusters of
particles with high and low mobility and with a characteristic
length scale. These regions of different mobility evolve in space
and time. Importantly, the regions with high mobility can be
identified from the dynamic susceptibility and are believed to
facilitate structural relaxation in supercooled liquids and
glasses. Quantification of dynamic heterogeneities can be
carried out in more than one way, but it cannot be derived
from Fs(q,t).
Inhomogeneous MCT (IMCT) was developed (in part) to

provide insight about the microscopic character of dynamic
heterogeneities. Here we test, for the first time experimentally,
IMCT predictions about dynamic heterogeneities. Specifically,
we focus on the four-point susceptibility, χ4(t), and the mean
cluster-size of the most-mobile particles, ⟨Nc(t)⟩. In this
subsection, we obtain these parameters from experiments and
describe important trends; in the next subsection we will study
their scaling properties to test predictions of IMCT.
The four-point susceptibility, χ4(t), measures the temporal

fluctuations of the two-point self-correlation function Q2(l, t) ;
χ4 (l, t) = N(⟨Q2(l, t)2⟩ − ⟨Q2(l, t)⟩2).1,50−55 Here,

Q l t( , ) exp
N k

N r t
l2

1 ( )
2

k
2

2= ∑ −Δ ⃗ , where l is a preselected probing

length scale, and the other symbols have their usual meanings.
Thus, χ4(t) quantifies the variance, or heterogeneity, in the
displacements of particles for a given length scale l.50,53−55,61 χ4
∼ 0 for simple liquid dynamics at high temperature. For
supercooled liquids and glasses, however, χ4(t) is strongly
dependent on l, and it exhibits a maximum in the vicinity of the
time scale, τ4, when the dynamics are most heterogeneous. The
peak amplitude of χ4(t), i.e., χ4(τ4), is proportional to number
of particles participating in a typical particle cluster rearrange-
ment. In Figure 4a, we show measured χ4(t) versus lag time t
as a function of ϕ; for each ϕ we use the value of l that
maximizes χ4(t). Notice that the sample dynamics become
increasingly heterogeneous upon approaching the MCT
crossover packing fraction, ϕc, i.e., as reflected in trend of
χ4(τ4) with ϕ. Note also, χ4(t) at ϕ = 0.79 exhibits two distinct
peaks at two different times; based on IMCT predictions that
we will discuss below, we believe that the second peak at the
longer time scale signals when the dynamic heterogeneities are
most prominent.
A second way of quantifying dynamic heterogeneity involves

direct visualization of particle dynamics. First, the probability
distribution of particle displacements P(Δx (t)) is measured
for a given lag time t. The tails of this distribution are non-
Gaussian.37−39,58,62 This observation suggests that the particle

dynamics are heterogeneous. Since fast particles are believed to
be most involved in the pathways for structural relaxation in
supercooled liquids and glasses, we identify the most-mobile
particles associated with a given lag time t in the ensemble. To
do this, we define a cutoff displacement, Δrc, such that 10% of
the particles have displacements (over lag time t), |Δr|⃗ ≥ Δrc,
see the Supporting Information for a representative probability
distribution of displacements, P(Δr(t)). These most-mobile
particles arise in the non-Gaussian tails of P(Δx(t)). After
identification of these most-mobile particles, particle clusters
are identified using standard nearest-neighbor algo-
rithms.37−39,58,62 (With this approach, we note that, for a
given lag time t, the percentage of fast-moving particles in any
given video frame (at any given time) may not be exactly
10%.58)
After the most-mobile particle clusters are determined, we

measure the temporal evolution of the mean-cluster size of

most-mobile particles ⟨Nc(t)⟩; N t( )c
N P N

N P N

( )

( )
Nc c c

Nc c c

2

⟨ ⟩ =
∑

∑ , where

P(Nc) is the probability of finding a cluster of size Nc. Figure 4b
shows the plots of ⟨Nc(t)⟩ versus t as a function of ϕ. ⟨Nc(t)⟩
peaks in the vicinity of the time scale τc; at this time the
dynamics are expected to be most-heterogeneous. The peak
amplitude ⟨Nc(τc)⟩ is explicitly associated with the number of
particles participating in typical cooperative relaxation events.
Figure 4b is thus analogous to Figure 4a, in the sense that
similar trends with ϕ are observed for ⟨Nc(τc)⟩, τc, and χ4(τ4),
τ4, respectively.

Time-Dependent Growth of χ4(t) and ⟨Nc(t)⟩: Explicit
Tests of IMCT. Inhomogeneous MCT (IMCT) not only
predicts growth of χ4(τ4) and τ4 upon approaching ϕc, but it
also predicts the functional form of χ4(t) in both the β-

Figure 4. (a) Four-point susceptibility χ4(t) versus lag time t at
different packing area-fractions, ϕ. Note, the probing length scale l for
each ϕ is chosen such that it maximizes χ4(τ4) at that packing. (b)
Mean cluster size, ⟨Nc(t)⟩, of the top 10% most-mobile particles for
lag time t at different ϕ. The color codes in part b are the same as in
part a. The solid lines in parts a and b are polynomial fits to the data
around the peak.
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relaxation and the early α-relaxation regimes.57 The functional
form of the growth of χ4(t) in the early α-regime, in particular,
has been used to discern the relative merits of competing glass
transition formalisms.57 IMCT predicts that χ4(t) grows as a
power law, χ4(t) ∼ tμ, during both β- and early α-relaxation
regimes; here the exponent μ = a for the β-relaxation regime,
and μ = b for the early α-relaxation regime. Importantly, a and
b are predicted to be the same as the MCT exponents we
obtained from the decay profile of the dynamic self-
intermediate scattering function, Fs(q,t). These connections
between model parameters have never been explored
experimentally.
To test IMCT predictions in the early α-relaxation regime,

we fit power laws to χ4(t) in time intervals close to, but slightly
earlier than, τ4 (Figure 5(a)); we extract the power law
exponent (μ) from these fits. Figure 5c shows the values of the

exponent μ in the early α-relaxation regime as a function of ϕ
(solid black squares in Figure 5c). Within experimental
uncertainty, the extracted μ at different packing fractions (ϕ)
are close to the von Schweidler exponent b = 0.61 ± 0.02
(solid black line in Figure 5c). Unfortunately, poor temporal
resolution in the β-relaxation regime prevented precision
determination of μ for the short-time regime.
Interestingly, as a brief aside, the consistency of μ in the

early α-relaxation regime with the predictions of IMCT
enabled us to ascertain which time scale among the two
maxima in χ4(t) (at ϕ = 0.79) corresponds to the time at which
the dynamic heterogeneities are most-prominent (Figure 4a).
We determine μ by fitting to data obtained just before the first
peak and just before the second peak; the fittings gave μ = 0.31
± 0.01 and μ = 0.54 ± 0.07 for data near the first and second
maxima, respectively. Within experimental uncertainty, only μ
= 0.54 ± 0.07 is consistent with the predictions of IMCT.
Therefore, at ϕ = 0.79, the second peak (τ4 = 440 s) should be
associated with the time at which the dynamic heterogeneities
are most-prominent. Thus, for ϕ = 0.79, τ4 = 440 s will be used
in all further scaling analyses. Note also, at low ϕ (ϕ ≤ 0.78),
we could fit a single power law to almost all the data for t < τ4
(except data at very small lag times); however, at higher ϕ (ϕ
≥ 0.79), the temporal range for power law fitting is small
(Figure 4a and Figure 5a). The exponent μ, measured using
data before the first peak at ϕ = 0.79 (μ = 0.31 ± 0.01, t = 110
s), has a value close to the MCT critical exponent a; a is
typically associated with β-relaxation. This observation could
be a coincidence, or it could suggest a connection to processes
at the short β-relaxation time scale; further investigation is
needed.
Our findings about the functional form of χ4(t) growth in

the early α-relaxation regime corroborates predictions of
IMCT. However, χ4(t) is not the only way to characterize
dynamic heterogeneity. As a check on the robustness of this
finding, we investigate the functional form of another quantifier
of dynamic heterogeneities in the early α-relaxation regime: the
fast-particle mean cluster size ⟨Nc(t)⟩. The experiments and
analyses reveal that ⟨Nc(t)⟩ grows as a power law in the early
α-relaxation regime (Figure 5b), i.e., in the time intervals close
to but just before τc (Figure 5b). The exponent μ is extracted
from the fits. Figure 5c shows the values of μ as a function of
packing fraction. Interestingly, while no predictions exist for μ
in the early α-relaxation regime based on ⟨Nc(t)⟩, we find that
the values of μ at different ϕ are close to the critical MCT
decay law exponent a. In IMCT, this exponent (a) is typically
associated with β-relaxation. It is surprising to note that while
exponent μ in early α-relaxation regime for ⟨Nc(t)⟩ is close to
the critical exponent a of the MCT (Figure 5c), the time scales
at which ⟨Nc(t)⟩ peaks, τc, are close to (but always less than)
long relaxation time scales, τ4, obtained using the other
quantifier of dynamic heterogeneities i.e. χ4(t) (Figure 4). This
suggests possible contributions of β-relaxation to ⟨Nc(t)⟩
processes. Unfortunately, the lack of a standard definition for
estimating ⟨Nc(t)⟩ and the fact that the exponents μ in the
early α-relaxation regime are sensitive to the definition of
⟨Nc(t)⟩ further precludes clear understanding of this unusual
observation.63 In the future, it is desirable to reconcile these
observations within the purview of IMCT. (Note that at low ϕ
(ϕ ≤ 0.79), we could fit a single power law to almost all the
data for t < τ4, but at higher ϕ (ϕ = 0.81), the temporal range
for power law fitting is small (Figure 4b and Figure 5b).

Figure 5. Log−log plot of (a) χ4(t) and (b) ⟨Nc(t)⟩ versus lag time t
for ϕ = 0.81. From these curves, it is possible to extract the power law
exponent μ in the early α-relaxation regime i.e. for the time intervals
close to but less than τ4 and τc. The black lines in parts a and b show
t0.62 and t0.32 dependency, respectively. (c) Power law exponents, μ,
extracted from χ4(t) (solid black squares) and ⟨Nc(t)⟩ (solid red
circles) plotted as a function of packing fraction, ϕ. The black and red
lines correspond to μ = b and μ = a, respectively. Recall, the mode
coupling exponents, a and b, were extracted earlier from the self-
intermediate scattering function Fs(q,t). The gray shaded region
around μ = b and μ = a corresponds to these MCT measurements
including error bars.
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Scaling of χ4(τ4), τ4, ⟨Nc(τc)⟩, and τc in the Vicinity of
ϕc. Lastly, we explore how χ4(τ4), τ4, ⟨Nc(τc)⟩, and τc vary
upon approaching the mode coupling crossover packing area-
fraction, ϕc. Again, IMCT makes quantitative predictions about
the scaling behavior of χ4(τ4) and τ4 with ϕc, but scientists
involved with IMCT have not made predictions about ⟨Nc(τc)⟩
and τc scaling with ϕc.
Figure 6a shows the plot of χ4(τ4) (black squares) and

⟨Nc(τc)⟩ (red circles) versus (ϕc − ϕ). Both χ4(τ4) and
⟨Nc(τc)⟩ grow as a power law upon approaching ϕc.

Specifically, χ4(τ4) ∝ (ϕc − ϕ)−γ1
DS

and ⟨Nc(τc)⟩ ∝ (ϕc −
ϕ)−γ1

MC

. Data fitting gives γ1
DS = 1.16 ± 0.17 and γ1

MC = 1.02 ±
0.16, where DS and MC represent dynamic susceptibility and
mobile cluster, respectively. Within experimental error, the
values of these exponents, γ1

DS and γ1
MC, agree with the

theoretical prediction of IMCT, γ1 = 1.
In Figure 6b, we plot the time scales τ4 (black squares) and

τc (red circles) versus (ϕc − ϕ), respectively. Once again, we
observe that both τ4 and τc grow as a power law upon

approaching ϕc. Specifically, τ4 ∝ (ϕc − ϕ)γ
DS

and τc ∝ (ϕc −
ϕ)γ

MC

with scaling exponents γDS = 2.03 ± 0.22 and γMC = 1.95
± 0.14. Recall that the other long-time structural relaxation
time scale (per MCT), τα, diverges as power law upon
approaching ϕc with scaling exponent γ that we determined to
be γ = 2.43 ± 0.02. The measured γDS and γMC are thus less
than γ, an observation consistent with Brownian dynamics
simulations of Kob-Andersen Lennard-Jones mixtures.46

Finally, in parts c and d of Figure 6, we examine the variation
of χ4(τ4) with τ4 and ⟨Nc(τc)⟩ with τc, respectively. We find,
albeit over limited dynamic range, that both χ4(τ4) and
⟨Nc(τc)⟩ exhibit power law behavior with increasing τ4 and τc,

respectively. Specifically, χ4(τ4) ∝ τ4
γ2
DS

and ⟨Nc(τc)⟩ ∝ τc
γ2
MC

. The
scaling exponents are obtained from best fits and are γ2

DS = 0.55
± 0.05 and γ2

MC = 0.51 ± 0.06. IMCT predicts
0.41 0.012

1γ = = ±
γ . Thus, the values of the measured

exponents γ2
DS and γ2

MC are fairly close to the value predicted
theoretically by IMCT.64

■ CONCLUSIONS
We have measured the spatiotemporal dynamics of quasi-two-
dimensional colloidal supercooled liquids. We determined the
MCT exponents (a, b, γ) and the structural relaxation time
scale (τα) for these systems, and the scaling of τα

−1/γ with ϕ
gave the mode coupling dynamic crossover packing area-
fraction, ϕc. Next, we quantified dynamic heterogeneities in
these samples using the four-point dynamic susceptibility,
χ4(t), and the mean cluster size of the top 10% most mobile
particles (⟨Nc(t)⟩). Both χ4(t) and ⟨Nc(t)⟩ grow as power laws
in the early α-relaxation regime. Consistent with the
predictions of inhomogeneous MCT (IMCT), the power law
exponent, μ, extracted from χ4(t) is observed to be close to the
MCT exponent b and is clearly different from the predictions
of diffusing defect models in three dimensions, which give μ =
2.57 The exponents μ extracted from ⟨Nc(t)⟩ in the early α-
relaxation regime at different packing fractions are close to the
MCT exponent a; these new experimental observations should
stimulate development/extension of theoretical formalisms
that predict the functional form of growth of other quantifiers
of dynamic heterogeneities such as ⟨Nc(t)⟩. In addition, we
measured time scales associated with these dynamic hetero-
geneities, i.e., τ4 and τc, and we found that they grow as power
laws upon approaching ϕc with power law exponents smaller
than the MCT exponent γ. Furthermore, and again consistent
with IMCT predictions, χ4(τ4) and ⟨Nc(τc)⟩ are observed to

Figure 6. Log−log plot of the peak amplitude of the four-point susceptibility, χ4(τ4) (open black squares), and the peak amplitude of mean cluster
size of fast particles, ⟨Nc(τc)⟩ (open red circles), versus (ϕc − ϕ). (b) Log−log plot of τ4 (open black squares) and τc (open red circles) versus (ϕc−
ϕ). In both (a) and (b), the mode coupling dynamic crossover packing fraction is set (from MCT measurements) to be ϕc = 0.82. (c) χ4(τ4) versus
τ4, and (d) ⟨Nc(τc)⟩ versus τc. The error bars for estimation of χ4(τ4) and ⟨Nc(τc)⟩ are smaller than the symbol size. The black solid and red dashed
lines in parts a−d are linear fits to the data.
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diverge as power law with (ϕc − ϕ), with exponent γ1 ∼ 1.
Finally, χ4(τ4) and ⟨Nc(τc)⟩ grow as power laws with increasing
τ4 and τc, respectively, with exponents close to 2

1γ ∼
γ . Taken

together, our experimental observations suggest that the
dynamics in the supercooled colloidal suspensions are well
captured by the inhomogeneous mode coupling theory
(IMCT); they are not consistent with other models such as
the diffusive defect model or the kinetic constrained models
with noncooperative defects (i.e., based on the values of μ in
the early α-relaxation regime).57
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